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Abstract
In [Rob09], Robinson showed that the character degrees are de-
termined by knowing, for all n, the number of ways that the identity
can be expressed as a product of n commutators. Earlier, in [Str91],
Strunkov showed that the existence of characters of p-defect 0 can be
determined by counting solutions to certain equations involving com-
mutators and conjugates.
In this paper, we prove analogs to Robinson’s and Strunkov’s the-
orems by switching conjugacy classes and characters. We show that
counting the multiplicity of the trivial character in certain products of
characters determines the conjugacy class sizes and existence of con-
jugacy classes with p-defect 0.
1 Introduction
There are several known results relating the irreducible (complex) characters
of G to counting the number of ways an element can be expressed as a
product of commutators. Of interest in this paper are results of Robinson
and Strunkov. Robinson is able to determine all character degrees by knowing
how many ways the identity can be represented as a product of commutators.
Strunkov, on the other hand, determines information about p-defects but only
requires counting modulo p.
Theorem 1 ([Rob09]). Given a finite group G, knowing the number of so-
lutions, for n = 1, 2, . . . , |G|, to equations 1 = [a1, b1][a2, b2] · · · [an, bn] deter-
mines the character degrees (with multiplicity) of G.
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If the equations are instead of the form 1 = a21b
2
1a
2
2b
2
2 · · · a
2
nb
2
n then the
degrees of real characters are obtained.
Theorem 2 ([Str91]). Let G be a finite group and S a Sylow p-subgroup of
G. Let f(x1, . . . , xk, u1, . . . , ul) be a function on G that it is the product of
elementary functions [xi, xi+1] and u
xj
j where xi ∈ G and uj ∈ S. Moreover,
let k ≥ 2 and let each variable appear in a single elementary function. Then
G has a p-block of defect 0 if and only if the number of solutions to g =
f(x1, . . . , xk, u1, . . . , ul) is not divisible by p|S|
l for some g ∈ G.
If f contains at least one elementary multiplier of the form x2j then the
existence of real characters with p-defect 0 is determined instead.
In particular the existence of a p-block of defect 0 is equivalent to the fact
that the number of solutions to g = [x1, x2] is coprime to p for some g ∈ G.
It is well known that there is a strong duality between conjugacy classes
and irreducible characters. Many theorems about conjugacy class sizes, for
example, are similar to theorems about character degrees. For instance, the
prime power character degrees determine the order of the nilpotent resid-
ual [CH93], and the prime power conjugacy class sizes determines the order
of the hypercenter [CHM92]. In that vein, we prove analogous theorems to
those of Robinson and Strunkov, showing that knowledge of character mul-
tiplication is enough to determine information about conjugacy class sizes.
Theorem 3. Counting the multiplicity of the trivial character in all prod-
ucts of the form χ1χ1χ2χ2 · · ·χnχn for n = 1, 2, . . . , |G| and χi ∈ Irr(G),
determines the conjugacy class sizes of G.
If the products are of the form χ21χ
2
2 · · ·χ
2
n, then the sizes of real conjugacy
classes are obtained.
Recall that a conjugacy class K has p-defect 0 if |K|p = |G|p.
Theorem 4. Let n ≥ 2. A group G has a conjugacy class of p-defect 0 if
and only
γn(ϕ) =
∑
χi∈Irr(G)
[ϕ, χ1χ1χ2χ2 · · ·χnχn]
is not divisible by p for some irreducible character ϕ.
Likewise, G has a real class of p-defect 0 if and only if
δn(ϕ) =
∑
χi∈Irr(G)
[ϕ, χ21χ
2
2 · · ·χ
2
n]
is coprime to p for some ϕ ∈ Irr(G).
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2 Proofs
Our proof of Theorem 3 is very different from that of Robinson, though the
proof of Theorem 4 is similar to Strunkov’s.
Theorem 3. Counting the multiplicity of the trivial character in all prod-
ucts of the form χ1χ1χ2χ2 · · ·χnχn for n = 1, 2, . . . , |G| and χi ∈ Irr(G),
determines the conjugacy class sizes of G.
If the products are of the form χ21χ
2
2 · · ·χ
2
n, then the sizes of real conjugacy
classes are obtained.
Proof. Let pi =
∑
χ∈Irr(g) χχ be the permutation character of G acting on
itself via conjugation, and let γn(ϕ) denote the multiplicity of ϕ in pi
n. We
begin by proving that the sequence {γi(1G)} determines the sizes of the
centralizers, and therefore the conjugacy class sizes of G.
First, note that pi(g) = |CG(g)| = |G|/|g
G|. Consider the multiplicity of
the trivial character in pin:
[1G, pi
n] =
1
|G|
∑
K
|K|1G(gK)pin(gK)
=
∑
K
|K|
|G|
(
|G|
|K|
)n
=
∑
K
(
|G|
|K|
)n−1
where the sum is over all conjugacy classes K, and gK ∈ K.
Let ai be the number of conjugacy classes of size i and Ci =
|G|
i
. Then
the above equations can be reformulated
[1G, pi] =
∑
ai
[1G, pi
2] =
∑
aiCi
[1G, pi
3] =
∑
aiC
2
i
...
Clearly ai = 0 for all i > |G|, so the sums are finite. Suppose that the [1G, pi
n]
are given and view each line as having variables ai with known coefficients
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Cji . Considering the first |G| equations gives a set of linear equations. There
is a unique solution since the coefficient matrix is Vandermonde type, hence
non-singular. Thus the sequence [1G, pi
n] for n = 1, 2, . . . , |G| determines the
conjugacy class sizes of G.
Now,
pin =
( ∑
χ∈Irr(G)
χχ
)n
=
∑
χi∈Irr(G)
χ1χ1χ2χ2 · · ·χnχn
=
∑
χi∈Irr(G)
|χ1χ2 · · ·χn|
2,
thus the multiplicity [1G, pi
n] is equal to the multiplicity of 1G in this last
sum, as claimed.
Now, let ψ =
∑
χ∈Irr(G) χ
2. Note that
ψ(g) =
∑
χ∈Irr(G)
χ(g)2
=
∑
χ∈Irr(G)
χ(g)χ(g−1)
=
{
|CG(g)| if g is a real element;
0 otherwise.
is essentially pi above, but restricted to real classes.
The proof follows exactly the same as before except the sum
[1G, ψ
n] =
∑
K=K−1
(
|G|
|K|
)n−1
is over real classes, and therefore only determines their class sizes. Likewise,
ψn =
( ∑
χ∈Irr(G)
χ2
)n
=
∑
χi∈Irr(G)
(χ1χ2 · · ·χn)
2 ,
so [1G, ψ
n] is the overall multiplicity of 1G in all possible n-factor products
of squares of irreducible characters, as claimed.
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Note that the multiplicity of an irreducible character in pi or ψ is given
by row sums in the character table
[ϕ, pi] =
∑
K
ϕ(gK);
[ϕ, ψ] =
∑
K=K−1
ϕ(gK).
We now prove a partial analog of Strunkov’s theorem.
Theorem 4. Let n ≥ 2. A group G has a class of p-defect 0 if and only
γn(ϕ) =
∑
χi∈Irr(G)
[ϕ, χ1χ1χ2χ2 · · ·χnχn]
is not divisible by p for some irreducible character ϕ.
Likewise, G has a real class of p-defect 0 if and only if
δn(ϕ) =
∑
χi∈Irr(G)
[ϕ, χ21χ
2
2 · · ·χ
2
n]
is coprime to p for some ϕ ∈ Irr(G).
Proof. Fix n ≥ 2. Consider the following equation for ϕ ∈ Irr(G):
γn(ϕ) = [ϕ, pi
n]
=
1
|G|
∑
K
|K|ϕ(gK)pin(gK)
=
∑
K
(
|G|
|K|
)n−1
ϕ(gK).
It is a weighted sum of the row of ϕ in the character table. If G has no class
of p-defect 0, then all coefficients |G|/|K| are divisible by p, and so are γn(ϕ)
for every ϕ. The weights at p-singular columns are 0.
Consider now the above equations mod p and suppose that the sums are
0 for all ϕ ∈ Irr(G). That is, there is a mod p combination of the p-regular
columns of the character table that give the all zero column. Every Brauer
character η is a Z-linear combination of regular characters [Nav98, Corol-
lary 2.16], and so the same linear combination of the columns of the Brauer
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character table is also zero. But the columns of the Brauer character table
are linearly independent over k, an algebraically closed field of characteristic
p [Nav98, Theorem 1.19], and so a non-trivial combination of them cannot
be zero. Consequently all weights are divisible by p, as required.
All the same arguments hold for real classes when pi is replaced by ψ.
Since pinψm = ψn+m information about real classes (for both theorems)
is determined by counting over products of the form
|χ1|
2|χ2|
2 · · · |χn|
2χ2n+1 · · ·χ
2
n+m
as long as m ≥ 1 and n+m ≥ 2.
3 Remarks
Theorem 4 is not a complete analog of Strunkov’s because we only include
an analog for commutators (or squares), not for conjugates of elements of S.
One must first determine what the analog of elements of S would be. The
conjugates of elements in S comprise the conjugacy classes of p-elements.
Let ε be a primitive |G|-th root of unity and R the algebraic integers of
Q[ε]. Let M be a maximal ideal of R containing the prime p. The element
g ∈ G is a p-element if and only if, for all χ ∈ Irr(G), χ(g) ≡ χ(1) mod M .
See [Isa76, 8.20].
An analog for characters based on similar congruence criteria is that χ is
in the principal block B0 of G if and only if
χ(g)|gG|
χ(1)
≡ |gG| mod M for all
g ∈ G. The analog of u
xj
j would be |χ|
2ϕ. However, the corresponding result
does not hold.
As a counter example, consider S3 for p = 3. It has a unique 3-block B0,
and the class of transpositions is of 3-defect 0. Calculating
γ(ψ) =
∑
χ1,χ2,χ3∈Irr(G)
ϕ∈Irr(B0)
[ψ, |χ1χ2|
2|χ3|
2ϕ]
(the analog of [x1, x2]u
x3) gives results divisible by 9 = 3|G|3 for all ψ ∈
Irr(G). One might consider using
∑
ϕ∈Irr(B0)
ϕ(1)2 (or it’s p-part) in place
of |S| = |G|p, but this causes other groups to not satisfy the theorem (e.g.,
the dihedral group of order 12). Thus it seems that, if it exists, the correct
analog is not the principal block.
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